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1. The content of this communication consists of some results from the application of the 
operator calculus to the physical system that is governed by the Dirac wave equation 
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with H = cajp,; + cagp2 + casp3 + aame? (2) 
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is to be described — it is usually called the Dirac electron. We limit ourselves to the field- 
free case because we are particularly interested in the fact that the Dirac system behaves in a 
relatively complicated manner even in the absence of external forces. — According to BREIT", the 
Hamiltonian operator (2) is best placed in correspondence parallel with the following expression 
for the Lorentzian electron energy: 
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They correspond with the following meanings 
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CQ}, C2, Caz... the velocity components vz, Dy, Dz, 
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D1, P25 PZ. +--+ the momentum components mv, /\/1— 8? etc. 
Mm, Chew... are the well-known natural constants. 


The special thing about approach (2) is that, following Dirac, the trivial connection between 

speed and momentum is eliminated. It doesn’t apply at all 
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Rather, the concept of speed has become emancipated from the concept of impulse and has 
become independent. — In the wave equation (1) under py, p2,p3, one has to understand the 
operators st ont sy a aa ao under Q1, Q2, a3, a@4 however, are operators which, as it is 
usually expressed, exclusively on one fifth variable ¢, on which ~ — apart from 21, %2, x3, t — 
also depends. However, this “fifth dimension” only has four discrete values, i.e. it is an index; 
each ~ value still exists with four different indices (which cannot be assigned to the four world 
coordinates!). The a; in the wave equation (1) can be thought of as four by four-row Hermitian 
matrices with fixed, once and for all fixed numbers, such as 1, —1, /—1 and the like as matrix 
elements. For example, applying a2 to w means the following: 1, we, v3, W4 are replaced by 
certain linear aggregates of 1, 2, 3, Wa (the arguments x1, %2, #3, t remain the same). The 
matrices a; are chosen so that each of them, when squared, gives the identity matrix, while they 
are “skew-interchangeable” with each other: 


ajar + apa; = 26jn-1 (i,k = 1,2,3,4) (3) 


This fundamental and momentous demand was led by the desire that equation (1) should 
lead to the scalar relativistic wave equation’ for every w by “squaring”. 


+G. Breit, Proc. Americ. Acad. 14, 553, 1928 

tDespite V. Fock, Zeitschr. f. Phys. 55, 127, 1929. Note p. 129, I would like to stick to this broad view. 
Especially because of the role that a4 plays in the Lorenz transformation (J. v. NEumMaNN, ZS. f. Phys. 48, 868, 
1928). 

8See the author’s ,Abhandlungen zur Wellenmechanik“, 2nd ed. pp. 1, 12, 162, 178. 


The variety of solutions to equation (1) is so extremely large that the method of wave 
mechanics, which consists in examining the behavior of specific, representative solutions, is 
extremely unsuitable for obtaining results of general interest. The q-number method or the 
operator calculus are ideal for this. I recently pointed out the methodological contrast.1 The 
trick of the operator calculus is that the temporal variation of the 7-function is passed on to 
the operators. In a sense, you only calculate with a single ~-function, for example, in order to 
fix the concepts, with the one that applies to t = 0. For this same point in time — in order 
to fix the concepts — the above-agreed assignment of operators to the characters az, pr, etc. 
may apply. And now one asks: how do I have to let the operators vary in time so that, linked 
to the time-invariant ~-function, they deliver the same physical statements that I come to if 
I keep the operator assignment and let w vary according to equation (1)? Fortunately, it now 
turns out that the answer to this question is completely independent of the initial distribution 
of the w-function, which remains completely arbitrary (apart from the normalization condition 
{w*v dx =1). And what’s more, the answer is also the same for any operator A, as we know: 

La a = HA— AH. (4) 
2ni dt 

I cannot refrain from providing a brief proof of this here, however well-known it may be to 
my closest colleagues today. For abbreviation, always use 
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The general solution to equation (1) is 


(x1, £2, £3,C,t) =e *n h(21, £2, £3, ¢,0). (5) 


Here H is the operator (of course independent of time, we think of equation (5) as “wave 
mechanical”); ¢ is ordinary time, not an operator; the operator e« is therefore unmistakable. 
The solution is given ¢)(x1,22,¢,0) and the solution is obviously unique. 

The operator equation (4) also has a clear general solution. First, in the special case A = H, 
it requires that H is constant (also in the sense of the operator calculus; this is not certain from 
the outset; but equation (4) requires it). Given this, the operator equation (4) for any A is 
generally solved by 

A(t) =e* A(O)e =, (6) 


and the solution is apparently unique. 

And now we have to show that combining A(t) with (0) in the well-known way to form the 
expected value A produces the same thing as combining A(0) with w(t). That’s all that’s asked. 
It must therefore be shown that 


JO -Aweo) de = fv AO ax, 
i.e. according to (5) and (6): 
feo -e A(O)e~® (0) dx = femvo - A(O)e~ = (0) da. 
You can see that this is correct by transferring the operator e from the first to the second 


factor on the right, whereby only “rows and columns have to be swapped”, i.e. H* becomes H if 
fT is Hermitian. 


‘These reports p. 300f. 


The proof only requires the hermiticity of H just used, and that H does not explicitly contain 
time (otherwise (5) would not be the solution to (1)). Otherwise, H can be whatever it wants. 

We only use solution (6) to see quickly and without calculation that commutation relations 
with a constant right-hand side (such as relations (3)) are preserved at all times, even from the 
operator’s point of view. Because according to (6), an operator that was equal to 0 or equal 
to 1 (or more general: interchangeable with H) at time zero (or more generally: at any time) 
obviously remains constantly constant. — For the rest, we are now working exclusively with 
the basic equation (4), which only includes the explanation of H through (2), the commutation 
relations (3) and finally the well-known commutation relations of the p;, with the operators xx: 


Pet; — LipE = OiK + 1. (7) 


2. If one forms the time derivative of a coordinate? according to (3), e.g. of xp, then according 
to (2), (3) and (7) one really gets 


—~ Scop, (k =1,2,3). (8) 


People were surprised about this because 
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(Cf. BreirT loc. cit. and Fock loc. cit.). The square of each velocity component is therefore 
only capable of the measured value c?, which must then also be the mean value (expected value) 
for many measurements on the same wave packet: The velocity component itself only allows the 
measured values +c. Your expected value can and generally will be smaller. After all, one would 
generally expect the order of magnitude c for this and one wonders how the center of gravity of 
the charge cloud can always move so quickly and yet under certain circumstances only progress 
at a moderate speed. 

Well apparently by not moving in a straight line. In fact, the a, according to (4) are not 
constant because they are not interchangeable with H. One calculates according to (2) and (3)8 


Har = Op = 2cpk, (k = 1, 2,3), (9) 
therefore according to (4) 
dar, 
are = Hay — a,H = 2(cpx — an H) = 2(Hax — cpx) (k = 1, 2,3). (10) 


Since the momentum components p; can be exchanged with H, i.e. are constant over time, this 
equation only contains the variable a; and can be integrated. For az, introduce the variable n,: 


Nk = Ap — cH pp, (k = 1,2,3). (11) 
Then comes F 
re = —2n,H = 2H np. (12) 
Integrated: 
_2Ht 2Ht 
h=Ne © =e Ty. (13) 
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?From now on, expressions like “coordinate”, “momentum”, 
Only ¢ and the natural constants are ordinary numbers. 
8The ap are interchangeable with the x; and p; because they act on completely different variables. 


energy” etc. always mean the operators in question. 


ny is the “value” of ny, (ie. the form of the operator x;,) for t = 0. The n, and just as naturally 
ny can be skewed according to (12) with H.1 All of them with H obliquely interchangeable 
operators depend on the time parameter in the manner (13) (follows directly from (2)) and have 
their constants squared. If you reintroduce a, into (13) after (11) and substitute the value found 
for a, in (8), you get 


d 
OLk — CH tp, + cenfewk. (14) 
dt 
Integrated: 
Le = Ah + Ht ppt — SH Ne Oe (15) 


a, is the integration constant (operator!), for which «2 was not written only because it is not 
exactly the value of x, for t = 0. 

According to (15), coordinate x, consists of two summands, for which we introduce special 
symbols: 


tp = kp + x, 

Cp = ap + CH ppt, (16) 
CK | _2Ht CK _ CK 

be = ZH es = — SH = SH ne. 


The first summand 7, increases linearly with time, at a speed that corresponds to the 
momentum p;, with which a; has nothing to do and is by no means of the order of magnitude 
c needs to be. In fact, if the ~-function, the “wave packet”, is superposed only from energy 
momentum eigenfunctions of a narrow range, i.e. from plane waves of a narrow wavelength and 
narrow wave normal range, then the operator c?H~!p, comes to the following addition: Multiply 


by: 
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where vb, and £ are related to the DE BROGLIE wavelength in the usual way confirmed by 
experiment (not to the a, , as in the correspondence table mentioned at the very beginning). 
But there is also a second summand, £€,, which obviously has a periodic character (« = aa is 
purely imaginary), and in general has a quite complicated, “almost periodic” character. ca, is the 
speed of this high-frequency, rapid trembling movement of small amplitude (see the following), 
which is superimposed on the linear, uniform movement. One can also say that ca, is the 
instantaneous velocity of the center of gravity of the charge cloud. In fact, for very short times 
zz is given by a completely different linear function. If you develop the exponential function in 
(15) and combine the linear term with the one that is already there, you get cat — of course, 
otherwise (15) would not be the correct solution from (8). So: c?H~'p, is, so to speak, the 
macroscopic speed, while ca, is the microscopic speed of the electron, or to put it more clearly: 
the expected values of these operators give the macroscopic or microscopic speed of the center 
of gravity the charge cloud. 
The amplitude of the tremor motion offers considerable interest. It can be easily estimated 


according to (16) 


CK = 
&, = oo ‘nk (16") 


‘One should not be offended by the fact that ne as the "initial value" of nz is by definition constant and yet 
not interchangeable with H. In ordinary mechanics, the initial value xo of x is a constant, but from this it by no 


dx 


means follows that ae disappears. 


nk, like az, is "of order 1", H for slow electron motion of order mc?; K = 5. The expected 
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value of €; is therefore of the order 


~ 107'em. (17) 


This is the well-known critical length dimension (Compton wavelength) to which, according to 
the uncertainty principle, a wave packet cannot be reduced without accepting a momentum 
fluctuation of the enormous size mc. For an electron with a reasonably certain macroscopic 
speed, the deviations of the center of gravity from the straight path are much smaller than the 
extent of the charge cloud. An even finer estimate can be obtained by squaring (16’), since &,, 
like n,, is obliquely interchangeable with H and therefore when squared: 
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According to (11) 
An, = Hag —cpes eH = oH — cpx; 


Hn? = H? — cp, (Hay + ap) + c?p?. 
So according to (9) 


Therefore 
H-?(1— H-**p?). (18) 


Applied to a wave structure of reasonably uniform energy momentum, similar considerations 
as above result in 


2 
@ = all - Bp)(1— 8), (19) 
where § and {, are the total velocity and its k component, as they correspond to the energy 
and the momentum , have nothing to do with the a,. As the speed of light approaches, the 
amplitude of the shaking movement obviously decreases. 

Incidentally, one must warn against the following obvious error. After (16) it is written 


bx = Te — Th 
or even more clearly ==: 

Ey = Tk — ry 
ie. €, is probably the average distance of the charge cloud from a plane perpendicular to the 
k-direction through the point that connects the expected values 7, to coordinates (c-numbers!) 
and moves in a straight line uniformly. But by no means is €? the mean square of this distance 
for the points of the charge cloud. Otherwise one would read from (18) that Dirac’s equations 
only allow charge clouds of the linear dimension zie: no larger and no smaller — and that 
would be obvious nonsense . — Rather, you have to think of the matter like this: The true layer 
statistics (= charge cloud) to be described by the operators x, are described in a detour via the 
layer statistics of a fictitious point £,, which differs only slightly from this and is a little simpler 
in that on average it corresponds to a straight, uniform movement and does not contain any 
operators acting on the index coordinate ¢. €; then describes the statistics of the true situation 


with reference to the fictitious one. Each point in the fictitious charge cloud is, so to speak, 
atomized into a small cloud of charge, each in the same way. It is this small charge cloud that 


has linear dimensions of order roa = no larger and no smaller, and constant (= time-independent ) 
square moments with respect to the fictitious point.? 

3. One will be inclined to interpret the position statistics described by &, as the actual 
model of the internal structure of the electron “after the separation of translation”. And people 
will try to connect the spin phenomenon with it. The concept of spin comes from the remark 
that the operator momentum is not constant even in force-free movement, rather the vector 
sum of it and another operator is constant. From now on we will use three-dimensional vector 
symbolism. The characters p, a, 2, £, €, 7 etc. without index are said to be three-way vectors 
with the components p,, po, p3} Q1; Q2, alphag etc., furthermore (@ p) = a ,p, + aep2 + a3p3 
should be the inner product, [a p] with the components azp3 — a3p2 etc. mean the vector 
product, whereby it should be remembered that the vector product of a vector with itself does 
not generally disappear and that particular attention must be paid to the order of the factors 
when differentiating, for example 


d da da 
qo = F-| + a. =| . (20) 
We write the equation (10) vectorially as 
kK da 
ee FF a 
2 dt eee 
kK da 
—~— ~ep—aH 10’ 
«oO = ep — oH, (10/ 


multiply the first from the right and the second from the left vectorially by @ and add. Since 
the a are interchangeable with the p, the order only changes the sign in their vector product. 
Because of the general equation (4) comes: 
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The last equation follows from (8) and from the constancy of p. So 
[x,p] + Fla. a] = Const. (22) 


[x, p] is — adopting the classical definition — the moment of momentum (“orbital momentum”). 
We will immediately see that even with the force-free movement that we are discussing here, 
it is really not constant on its own, but only the above sum is constant. This alone (without 
reference to additional terms in H that only appear in the field) justifies calling the vector whose 


3rd component is 


h \= h ih 
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*Not only & but also €,€, for k 41 is constant. This follows from their skew interchangeability with H: 


no (Ext) AExe: = Eni Ee HE: — €x€H = —€x (HE. + £1) = 0. 


+E.Fues and H. HELLMANN recently pointed out in an interesting paper that one has to distinguish between 
orbital moment and spin moment even without an external field (Phys. ZS. 31 , 465, 1930), with which the 
present, despite completely different methodology, has many internal points of contact. 


an “extra” moment of momentum (“spin moment”). So we introduce the new vector s by 
QQ = 183 and so on, or [a, a] = 2is. (23) 


(Its components are Hermitian, since those of [a, a], as commulators, are skew-Hermitian.) The 
following relationships are easy to verify: 


[s, 8] = —2is, [a, s] = +[s, a] = 2ia. (24) 


The s,, like the a;, only have the eigenvalues +1. So now equation (21): 


h ds 
Ser ; 22’ 
aS = -da. 0) (22) 
The components of [a,p| belong to the quantities that are obliquely interchangeable with H; 
indeed: 

Ha, p] + (a, p]/H = |Ha + aH, p] = 2clp, p] = 0. 


(It uses (9) as well as the fact that the py, commute with each other and with H). Consequently 
they depend on time in the manner (13): 
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[a, P| Pr [o, ploe EY [a, plo. (25) 
Plugging this into (22’) and integrating it gives 


js= pat Fla. Plo ten. (26) 
§ is an integration constant (operator and vector) that is related to the “initial values” of s, a, p 
in an easily specified way. § This means that the variable part of the spin moment is explicitly 
evidenced. If the macroscopic speed c?H~+p is small compared to the speed of light, then the 
amplitude of the variable part of s is small compared to the constant part, namely of first. order 
in 6. One can also write for (26) after (25): 
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s and qa are of order 1 (eigenvalues +1), cH~'p is of order 8. — If you scalar multiply (26’) 
by p, you find, by applying the elementary substitution rule of vector algebra to the three-fold 
product, 

(s p) = (S p) = Const. (27) 


The component of the spin in the direction of the (linear) momentum is constant. This follows 
from (22), since the rate of change of s “is perpendicular to p”. Of course, one must be careful 
when making such conclusions, i.e. pay attention to non-interchangeability. For example, the 
scalar product with the other factor: (s a), is by no means constant, as one can easily see. 

In order to get to the connection between the spin and our “inner layer statistics” €;, 
we take (16): 
ch 4 
tit 


CK 1. _ 
g= Sa 'y = 1 (16!) 


8Namely apparently:5 = so + icla, ploH~! 


and multiply it vectorially from the right by p 


ch 
[fp] = FHI. 
Because of (11) 
n=a—cH'p (11’) 
comes ; F 
Cc = = 
[é o] = — Ha p| = ——_[o, cH*y). (28) 
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This is oppositely equal to the variable part of the spin momentum (see (26’)), i.e. [€ p] is 
the variable part of the orbital momentum, which is immediately obvious from (16) ([% p] is 
constant). 

The question is whether one can also produce the constant part of the spin momentum by 
combining the “lever arm ¢” with a suitably chosen linear momentum. The impulse size that 
belongs to the actual (“microscopic”) speed ca, which is created by multiplying it by 4, is suitable 
for this. It is a little more computationally convenient to try with cn first instead of ca, i.e. with 
the micro speed corrected for the macro speed. So we choose 
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as the “microimpulse” and calculate according to (16) and (28).1 


fe] = gayle = go Elo. a] - [acy] [oH 19, 9} 
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(Two sign changes compensate each other; a is “skewedly interchangeable with H except for a 
commutator Const. - p”; cf. (9).) So according to (23) 


E | a a 8 h [a,cH~*p] = 2- lie (30) 
Cc 27 27 

(cf. (26’). With regard to Hermiticity, the matter is that 7H is skew-Hermitian because 7 and H 
exchange skew; but the vector product is again Hermitian because, like (29) shows, is essentially 
a commutator.) — In this way you get the constant part of the spin momentum twice. As far 
as I can see, this not entirely expected result cannot be eliminated by changing the factors or 
using a instead of 7, but only by changing the lever arm € with just half of the microimpulse 
used above combined. Because at a small macro speed the [a, a] always comes with a factor of 2. 
In particular, the total spin also appears as a vector product of ¢ with an impulse that (always 
remember: at a small macro speed) is only about is half the size of the one introduced above. 
From (28) and (30) one easily finds: 
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which can be rewritten in various ways according to (9) and (11), but without succeeding in 
replacing s by € and 7 or expressed by € and a alone, without p. — 

The strangely complicated conditions that, according to Dirac’s equation, already exist at 
the force-free mass point seemed worth explaining to me, although I cannot currently show any 
conclusive result of this investigation. 


i[The original refers to equation (12’) which does not exist, so (28) is suggested.] 


